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Abstract

This master thesis aims to design a general learning framework for financial mathematics by
adapting Learning to Rank algorithms to learn from aggregated time series. For a given financial
problem, the task is to rank strategies with respect to various performances measures to offer an
optimal decision. Most often, the wide range of possible strategies offers an immense choice of al-
ternatives and the number of total rankings scales factorially in the number of alternatives to be
ranked. It motivates the use of advanced learning techniques to rank them in reasonable time. We
propose to aggregate information coming from a wide variety of performance measures to indepen-
dently score alternatives and provide supervision to learning algorithms. The work of J.C. Duchi et
al., The Asymptotics of Ranking Algorithms [1] lists assumptions needed to perform optimization of
a learning model with consistent surrogates losses including aggregation of measures. A considerable
amount of work is devoted to provide robust solutions of rank aggregation and Machine Learning,
through testing, comparing and benchmarking algorithms. An application to the problem of bond
portfolio selection for fitting the yield curve is provided at the end of the thesis.

Keywords — Rank aggregation, Learning to Rank, portfolio selection, Cross Entropy Monte Carlo
method, Kemeny distance, Random Utility theory, Condorcet model, Mallows model, Plackett-Luce
model, Normalized Discounted Cumulative Gain.
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1 Formalization of the rank aggregation problem

1.1 Notations

We are provided with a finite set of n strategies to be ranked, by labeling them with naturals to use
them as indices, we work with the set [1,n] := {1,--- ,n}. In order theory, preferences over a set are
formalized with binary relations. We denote R the set of complete weak orders or rankings (reflexive,
transitive binary relations) on [1,n]. Rankings orders are not total since two alternatives can have the
same ranks, rankings can have ties eg. 1 >~ 2,3 > 4.

The total orders on [1,n] (reflexive, transitive, antisymmetric, total binary relations) can be represented
as permutations 7 € &,, in the symmetric group. For a given total order m, the set of alternatives
([1,n], ) is a totally ordered set where the infix >, denotes the corresponding binary relation. For
both partial and total orders, we use the permutation notation for convenience where r; and 7; represent
the rank of alternative ¢ in the partial order r and in the total order 7 respectively. Therefore, the
conditions i >, j and 7 > j respectively write as r; < r; and m; < ;.

We consider preferences provided by L different performance measures on the strategies, ie. L vot-
ers contributing with L total rankings. This framework is called listwise since each voter | € [1,L]
is able to judge each of the alternatives. Such listwise preferences form a profile of total rankings
Dy = {w(l), e ,W(L)}. In a more general framework we could consider partial rankings or pairwise
judgment preferences, as commonly used in quantitative psychology. Given a profile of rankings Dy, a
rank aggregation scheme - also called a social welfare function F : &f — &,, aggregates their choices
into a single desired total ranking. The social welfare function corresponds to an aggregation scheme in
the world of rankings.

1.2 Distributional hypothesis

The natural assumption consists into considering observed data from a probability model. The hypothesis
can be either assumed on the scores - cardinal distribution - or directly on the permutation space - ordinal
distribution. Following the work of Prasad et al. (2015, [2]), we consider the latter hypothesis to specify
desirable axioms of any aggregation scheme.

DISTRIBUTIONAL ASSUMPTION. Let’s denote P,, the set of all distributions over &,,. For any profile of
rankings Dy, = {71, ... 7(F)}, there exists p € P, such that

vie{l,---,L}, ) ~id

This assumption naturally satisfies the principle of anonymity, ie. the alternatives can be labelled
differently without changing the known information since the aggregation scheme is fed with histogram
information only. It is coined distributional rank aggregation by Prasad et al. and gives a convenient
formalism for computing marginal probabilities provided with an appropriated model for p. A wide
range of models are proposed around the concept of marginals, eg. Mallows ¢-models, Condorcet models,
Plackett-Luce model, that will be studied later.

The marginal probability of alternative ¢ being ranked first is > | w1 p(7). The marginal probability
of alternative ¢ being ranked better than j is p;.; := > | mi<ms p(m). The asymptotic equivalent of the
rank aggregation scheme is a map F* : P,, = &,, called a distributional rank aggregation scheme which
outputs a consensus ranking F*(p) € &,,. The probability distribution p is called a ranking model since
its knowledge suffices to define a rank aggregation scheme, by selecting a mode of the model

F*(p) € argmax p(m).
€S,



1.3 Condorcet Criterion

In a publication that laid the groundwork of future research in the field of rankings, Condorcet (1785,
[3]) proposed a desirable criterion for the aggregated ranking. F(Dy); naturally refers to the rank of
alternative ¢ in the order produced by the aggregation scheme F'. For a given Dy, and aggregation scheme
F, the aggregation relation = p(p, ) is defined by Vi, j € [1,n],i =pp,) j <= F(DL); < F(DL);.

Assuming that each voter [ provides a set of pairwise preferences, we define the majority relation on the
alternatives [1, n] with the marginal weights

vi (D) = {1 € [1,L] |« < 7"},

We define ¢ =y j <= v;;(Pr) > v;i(Dr), i >=m j <= v;;j(Dr) > v;j,;(Dr) and the ez equo relation
i=mJ <= v;;j(Dr) = v;;(Dyr). If the relation >)s yields a total order, it is called the Condorcet
ranking but in most of the cases the majority relation is not transitive, which compels the use of more
sophisticated aggregation schemes. Note that the majority relation can be generalized to give more or
less relevance to a voter by adding weights on pairwise preferences.

To comply with the usual graph approach in ranking, we explicit the direct graph associated with the ma-

jority relation as it is used in some algorithms. We first define the marginal sets Dy, ; := {7 | 1 € [1, L], i =, 5}-
The graph corresponding is often referred as the weighted majority graph in the literature and is formally

defined as the directed graph WMG(Dy) = ([1,n], W) where

W = {w;; := |Dirj| | i # J,|Dinj| > 0}.

The Condorcet Criterion (CC) ensures that a Condorcet winner, ie. an alternative ¢ ranked first by a
majority of voters, ends up first in the aggregated total ranking

Vi,jeln]i=nj = (F(DL); =1) and (F(Dy); > 1). (CC)

This can be simply written as Vi, j € [1,n],i =r j = i =pp,) j. This criterion is weakened to deal
with cycles in the majority relation =), using partitions forming coherent bins of alternatives. We define
the set Po([1,n]) of partitions {X1, -, X, }, [1,n] = |, Xk such as Vk < [,Vi € X},,Vj € X;,i = j.
The Extended Condorcet Criterion (XCC) is that for any partition X € Py([1,n]) we have,

Vk <1,¥ie€ Xg,Vj€ X,i=pp,) J- (XCC)

We say that the partition X’ = {X7,--- , XL}, [1,n] = |_|;”/=1 X is finer than X if

Vi€ [1,7],3k € [1,7], X] C Xp.

1.4 Social choice axioms

Arrow (1951, [4]) laid the axiomatic foundations of the social choice theory by proposing the five desired
axioms which should be satisfied by any rank aggregation scheme F'.

(S1) NON-DICTATORSHIP. The rank aggregation scheme must account for the preferences of multiple
voters. It cannot simply mimic the preferences of a single voter.

(S2) UNIVERSALITY. For any set of rankings Dy, the rank aggregation scheme should yield a unique,
deterministic and total ranking of alternatives.

(S3) TRANSITIVITY. The aggregate ranking produced should be transitive, ie.
Vi, j, k € [[l,n]],(i ~F ]) and (j ~F k) = i >r k.



(S4) PARETO-EFFICIENCY. For every pair of alternatives i, 7, if every voter prefers ¢ over j then the
aggregate ranking should prefer i over j, ie. i =p j.

(ITA) INDEPENDENCE OF IRRELEVANT ALTERNATIVES. The social preference between ¢ and j should
depend only on the individual preferences between ¢ and j. ie. if one or more voters change their
preferences, but no one changes their relative positions of ¢ and j, then the relative positions of 4
and j in the aggregation should still remain unchanged.

ARROW’S IMPOSSIBILITY THEOREM. For n > 2, there doesn’t exist any rank aggregation scheme satis-
fying the axioms (S1) - (S4), (IIA).

This theorem pertaining to the inconsistency of the previous axioms has been proved for ordinal rank
aggregation schemes and is not valid for cardinal utility-based aggregation schemes. An axiomatic
foundation of utility-based aggregation schemes entered the social choice theory literature with the work
of Soufiani et al. (2014, [5]).

(S5) ANoNYMITY. The rank aggregation scheme is insensitive to permutations over voters, ie. rela-
belling of the voters.

(S6) MonNoTONICITY. If one of the voters moves an alternative ¢ up in his ranking, the position of 7 in
the aggregation can only improve.

(S7) ConsIsTENCY. Consider two profiles of rankings Dy, and D’r such that the aggregation scheme
ranks the same alternative first in both, let’s say i. Then, when fed with profile of rankings
D :=DpUD': of size L + L', the aggregation scheme should rank alternative ¢ first.

(CC) CONDORCET CRITERION. If there exists an alternative preferred by the majority over all other
alternatives then it must be ranked first, ie. Vi,j € [1,n],i >p j = i >=r J

1.5 Axiomatic analysis

Using the formalism of F* : P, — &,, axioms (S1), (S3) and (S5) are automatically satisfied. The
universality axiom (S2) simplifies as only unicity in the distributional framework. Pareto-efficiency (54)
writes as

V€ Gn,p(ﬂ') >0,m < T = 7:>_Fx(p) 7-

Independence of irrelevant alternatives (IIA) can be formulated as

Vi, j € [1,n],p,p € Pn, pirj = pix; = sign (F'(p) — F} (p)) = sign (F;(p") — F; (p")).

Monotonicity (S6) can be formalized by considering two voters m, 7' € &,, such that «, < m; and
Vi # i, 7r§- > m;. For two densities p, p’ € P, such that for a perturbation § > 0, we have

p(r') =p' (') + 6
p(m) =p'(7) =0
va' & m ' p(a") = p (7"

then (S6) is satisfied if and only if F*(p); < F*(p');.

Consistency (S7) can be translated into the distributional framework by denoting p and p’ the two

densities corresponding to the two sets of preference information and p := %p/ the density corresponding
to the union of the sets. Then (S7) is satisfied if and only if for all alternative ¢,

F*()izl * AN



Finally the Condorcet Criterion in the distributional framework corresponds to the majority rule, ie if
an alternative is ranked first by strictly more than half the voters then it must be ranked first in the
aggregate. For p € P, (CC) writes as Vj # i, pivj > % = F*(p); =1.

Prasad et al. used the characterization of the distributional rank aggregation schemes with loss functional
to prove an impossibility theorem in the limiting case of the distributional framework. Every such scheme
F* can be written as

F*(p) € argming(m,p) where ¢: &, x P, — R.
€6,

PRASAD’S IMPOSSIBILITY THEOREM. For n > 2, there doesn’t exist any distributional rank aggregation
scheme satisfying simultaneously (S2) and (S4).

Arrow’s theorem states that no aggregation procedure F can satisfy (S1) - (S4), (ITA). The corresponding
theorem for F* states that if g(m,-) is continuous with respect to the topology of P,,, both universality
and Pareto-efficiency cannot be satisfied simultaneously. Since Pareto-efficiency is a rather weak as-
sumption to expect from an aggregation scheme, we must accept procedures returning multiple optimal
aggregations.

1.6 Luce’s Choice Axiom

Luce (2008, [6]) proposed to formalize the independence of irrelevant alternatives in the field of prob-
abilities. For all N' C [1,n], we start by defining a probability density Pnr : P(N) — [0,1] on the
subsets of A/. We can then build a ranking model p by induction from P. For the subsets of alternatives
R C N C[1,n], we denote Py (R) the probability that the chosen alternative in A is also in R.

Luck’s CHOICE AXIOM.

P (R) Py (N) it Vi, j € [1,n], Py (i) > 0

Ppi iy NV \ {i}) otherwise. (LCA)

VRCN C[1,n], Pu,(R)= {

The first case is when no alternative can be excluded by P, otherwise, there exists i,j € [1,n] such
as Pg; ;3(i) = 0 and then the alternative i can be excluded by the probability function P. By taking
N ={i,j} and equating the axiom for R = {i} and R = {j}, we obtain the odds ratio

Py () _ Pag(d)
Pu()  Prag(s)

Luce proved that the (LCA) is equivalent to the existence of a positive ratio scale s € R™ acting as a
probability on [1,n] when normalized. The marginal probability of selecting ¢ first can be written as
S

Vi€ [1,n], ppnp(i) = m
je[1,n] ©J

This ratio, unique up to a multiplicative positive factor, is the motivation of utility-based aggregation
schemes. Furthermore, the link with ranking models has been studied by Luce and Saaty, resulting in the
following postulate which allows to compute the probability of a total ranking by induction m = (i, 7_;).
We use the notation pp; ,,j() for the probability of the total ranking 7 € &,,, we have

{ ™= (i, m-i) = Ppa)(T) = Ppoap () ppoep i (7-4)
prigy (i = J) = Py (4).

The most famous model derived from the (LCA) is the Plackett-Luce model corresponding to score s.
By construction, the aggregation schemes derived by maximizing such a model p satisfy the (IIA) axiom.
Note that we usually omit the indice [1,n] since the alternative set is fixed.



2 Distance-based aggregation

Following the characterization of distributional rank aggregation schemes with loss functionals, we con-
sider the class of procedures described by the bivariate loss functions [ : &,, x &,, — R according to

F*(p) = argmin g(m,p) = argminE/ ., [Z(W, 71")}
TeG, €S,

e Machine Learning approach: corresponds to the 0 — 1 loss function I(h(x),y) = I(h(z) # y). The
approach tries to fit a unimodal probability distribution on the data and then returns the mode of
the distribution as a point estimate.

e Distance-based approach: corresponds to a distance between rankings as loss. The choice of the
loss function as a distance § : R? — R, between rankings offers a wide class of schemes whose
properties are determined by the choice of the distance. The corresponding optimization is

* _ : /
Fo . (p) = afrgeglanﬁle [6(m,7")].

The function § on rankings is a metric if it follows the following axioms.

(D1) IDENTITY OF INDISCERNIBLES. Vr,7 € R,0(r,7) =0 < r =7,
(D2) SYMMETRY. Vr,7 € R,d(r,7) = §(F, 7).

(D3) SUBADDITIVITY. Vr, 7,7 € R,0(r,7) < (r,7) + §(F, 7).

From a metric § between rankings, it is possible to build a distance between a ranking and a profile of
partial rankings Dy, by the simple rule d(r,Dy) := Zlel 5(r,7®). By searching for a condition when
additivity holds, Kemeny and Snell proposed the following definition of betweenness. The ranking 7 is

between r and 7 if

. 7 <T; = 1; <71iort; <7
VZ,]G[[].,TL]], ~7j_~j. Z._J4 A.Z_A,j<0
Ty =T = (7 TJ)(Tz TJ)— .

Kemeny and Snell proved that the Kendall’s 7 is the only metric between rankings satisfying all the
following axioms. It can be defined on the set of rankings R as
2 if r; <Tj and 7; >7:j

3(r,7) = Z ¥, (r,7) where ~; ;(r,7) == ¢ 1if (r; <rj and 7; = 7;) or (r; = r; and 7; > 7))
i,j€[1,n] 0 otherwise.

(D4) BETWEENNESS. If 7 is between r and 7, then §(r,7) = §(r,7) + 6(7, 7).
(D5) RIGHT-INVARIANCE. For all permutation 7 € &,,, Vr,7 € R, §(w(r), n(F)) = d(r, 7).

(D6) INDEPENDENCE OF EXTREMAL ALTERNATIVES. If an alternative is added to [1,n] and ranked first
or last by both r and 7, then §(r, ) remains unchanged.

(D7) NORMALIZATION. The minimum distance is the unity, je. min,zer d(r,7) = 1.

It corresponds to the usual formulation of the Kendall’s 7 between two permutations m and o as the
number of discordant pairs of alternatives

r(m @)= > (> m) AR < 7).

i,j€[1,n]



2.1 Kemeny orders

Assuming the existence of an underlying ground truth, ie. a true total ranking w1 depicting an absolute
truth, Condorcet addressed the question of the most likely aggregated ranking given a profile of rankings
Dr. He modeled the pairwise choice of voters with a probability ¢ € ]%, 1] to make the right choice.
Young (1988) completed this statistical approach with a link between the Kemeny distance and the
maximum likelihood.

Let’s denote by =g the total order associated with the ground truth mgr. Knowing the ground truth,
the probability of observing a profile Dy, = {7, ... 71} is

(D | mer) = qu>GTj ”i~j(DL)(1 _ q)zi>GTj v5,i(PL)

The maximum likelihood problem corresponds to estimating the parameter 7* which maximizes the
likelihood L(7w | Dy) = p(Dyr, | 7). It corresponds to maximizing the number of pairwise support for a
given 7 in the profile D;,. We denote 7} one of the optima of this problem,

7y, € arg max Z v;.;(Dr).

TE€Gn i jelin]
T <Tj

Condorcet claimed that as the number of pairwise preferences tends to the infinity, the recovered ranking
corresponds to the ground truth wgr. In our listwise framework, the claim corresponds to the convergence
in the sense of Kendall

TK(TFE,TFGT) Z:;—) 0.

The Kemeny distance is defined as the sum of each Kendall’s 7 between the given permutation and
a ranking of the profile di (m,Dy) = Zle i (m,7W). By permuting the elements in the sums, the
maximization problem can be cast into a Kemeny distance minimization

F..(Dr) € aigeglindK(w,DL).

One such F.. (D) € R is called a Kemeny order. The problem has been shown to be NP-complete even
for four votes (1989, [7]) which motivates the use of specific stochastic optimization algorithms optimizing
with respect to this Kemeny criterion, such as the Cross Entropy Monte Carlo (CEMC) algorithm.

Furthermore, if a Condorcet winner exists then it is ranked first. (XCC) is also satisfied by any Kemeny
order but unfortunately, checking the (XCC) is intractable since it requires enumerating the B,, partitions
in Po([1,n]) where B,, is the number of Bell, a growth rate worst than exponential since B, 1 =
ZZ:O (2) By.. Truchon proposed an algorithm exhibiting several bins of the partition, particularly useful
for testing purposes: a proposed order cannot be Kemeny if the singletons don’t correspond or if the
cycle bins of the ex @quo relation =), are not the same up to a permutation.

2.2 Cross Entropy Monte Carlo method

The Cross Entropy method has initially been designed to simulate rare events since it iteratively improves
a probability distribution to estimate the probability of a given rare-event. A Monte Carlo procedure is
used to sample solutions that are more likely to correspond to the rare-event as the number of iteration
grows and the probability distribution improves. This Monte Carlo procedure can be formalized for
combinatorial optimization by considering the rare-event being close to an optima. The method was
initially used to estimate rare event probabilities with an objective of the form I(y) = P(S(X) < )
where S(X) < v is the rare event corresponding to a small enough value of S.

The distance-based aggregation with the Kendall’s 7 is F;{‘T (p) = argmin, g Ernp [TK (m, ﬂ’)].



In the case of finite available information Dy, the population problem can be approximated with the
usual rank aggregation scheme of Kemeny

L

F..(Dr) = argminZTK(ﬂ',ﬂ(L)) = argmindg (mw,Dy).
€&, 1 TESH

The Spearman footrule is defined with the first order metric p (7, 7') := 3,y plm™ — 7| by summing

over the profile, dp(m, Dr) := Zle §p(m, 7). Tt is often used to approximate the Kemeny distance since
we have the 2-approximation for all 7 € R,dk (7, Dr) < dp(7,Dr) < 2dk(m,Dr). The distributional
Spearman footrule

Fi.(p) = argminEr ., E |7y — ]
TES, .
i€[1,n]

becomes the Spearman footrule, which makes the optimization tractable

Feo (D) = aigé‘glindp(w,DL).

2.3 Stochastic optimization

We consider the Kemeny optimization problem for a finite set of preferences Dy. Therefore, the goal is
to minimize di (7, Dr) over the set of permutations 7 € &,, where dg(-,Dyr) is the Kemeny distance
against the profile of rankings Dy. A global minima is such that

’)/* = dK(’]T*7DL) = min dK(7T7DL).

TES,,

We randomize the deterministic problem into the so-called associated stochastic problem (ASP). Since
the set of permutations is finite, we can write

I(v) =P(dr(m,Dr) <) =E[lay(r,p1)<H] = Z Lase (r, )<y f () (ASP)

where f is the real distribution. The rare-event estimation corresponds to the estimation of () for
a given threshold ~. Another associated problem would be to estimate the threshold ~ for a given
probability I(7), ie. estimate the root of the (ASP). Optimization can be achieved by considering the
first problem of estimating the probability I(v) for a certain v close to the optimal value v*.

The main idea of the Cross Entropy method is to iteratively approximate f by a parameterized distribu-
tion f, by improving the parameter p. We initially chose f,, as a prior distribution over the permutations.

By using importance sampling, we define a new probability distribution g to write

Ju(T) Ju(T)
g(m) g(m)

Z 1dK(7r,DL)§’y g(m) = Eg 1dK(7r,DL)S~/

The probability distribution g minimizing the Cross Entropy is ¢*(m) := ﬁfu(ﬂ)ld}{(mpmgv but re-
quires the knowledge of I(y), the quantity of interest. In the Cross Entropy method, we look for g in
the same family as the prior f, by choosing ¢ := f,~ with the parameter p* which minimizes the Cross
Entropy between the two distributions g* and f,. We denote D, the Kullback-Leibler divergence, te.
the Cross Entropy between two finite distributions. We have



Pt = arg;ﬂin Dkr(g%, fp)
= arg;nin Z g*(m)(log g* () — log f,(m))
— angmax 3 1o (g (7)

=argmax ) 1y, (x,p;)<y 108 fp(m) fu(m)
p ™

If 71, - ,mny ~"? f, are samples, the maximization problem can be approximated using the Monte
Carlo estimator, which is unbiased. The corresponding problem, called the stochastic counterpart, writes

as
N

A 1
p* = argZI)naXN];ldK(ﬂ-)'DL)S,y IOg fp(ﬂ-k)- (SC)

We can build the CE procedure by iteratively solving this stochastic counterpart problem to improve
the parameterized distribution f,. The main limitation lies in the choice of the probability distribution
family which determines the number of degrees of freedom. In [8], Rubinstein et al. stated that in the
case of a unique optimizer 7* corresponding to the optimal value +*, if the class of distribution {f, | p}
contains the atomic density with mass at 7*

(57r*(7r):{ 1 ifr=mn

0 otherwise

then the solution of the optimization is the density d,«. Note that the unicity is theoretically ensured by
enforcing an artificial order on the set &,,. We can define a modified objective S(7) = di (7, Dr) — €()
where €(7) is a small perturbation breaking the ties. We can choose e() proportional to the rank of 7 in
the defined order and small enough to ensure that S(w) > S(#') if di(7,Dr) > dg (7', Dr). Therefore
the solution of the optimization with the perturbed objective S is the atomic density with all the mass
on the optimizer with the highest ranking.

Furthermore, if f is chosen in the exponential family, the estimator p* has a closed form which corresponds
to the usual Maximum Likelihood Estimator with the addition of the indicator functions (2013, [9]).

2.4 Multi-level formulation

Unlike the rare event simulation where the threshold + is fixed by the definition of the event itself, in
the adaptive uploading algorithm we build a sequence of ; along with the sequence of parameters p;.
The algorithm is called multi-level since the objective event di (w,Dy) < 7 improves along with the
parameter.

For a fixed p;_1, we denote v the (1 — p)-quantile of the random variable S(7) under p;_;. This quantile

can be estimated using the usual sample estimator vy = S(;(1—,)n7) Where S is a vector of the Kemeny
distances S; = dg (71,DL), -+ , Sy = di(7n, Dy) with the N samples 7y, -+ ,mn ~% f, .

10



Algorithm 1 Multi-level Cross Entropy Monte Carlo

1: procedure MULTILEVELCEMC(u, p, 0, N, N')

2: Do — U > initialize with prior parameter
3 t+1

4 loop

5: generate N samples 7y, -+ , Ty ~"9 Ipos

6 compute the Kemeny distances Sy = dg (m1,DL), - , Sy = di (7N, D)

7 Te < Sra-pN)

8 denote p; the solution of (SC) with same samples mq,--- , 7

9: t—t+1 R

10: until (v 5= =)

11: T+t )

12: L=+ PR Ly (D1 )< 108 fpr (i) for 7m0, s ~P4 f

13: return | > return a Monte Carlo estimation with more samples N’ > N

The algorithm uses the information of the prior u and depends on the convergence parameters N, p and
0. The parameter § € N controls the number of steps without improvement before the stopping criterion
is reached. Kroese notes that the algorithm is self-tuning for the other parameters.

In the population setting, the multi-level Cross Entropy Monte Carlo algorithm corresponds to the
following version.

Algorithm 2 Multi-level Cross Entropy with population setting

1: procedure MULTILEVELCEDETERMINISTIC(u, p, 0, N, N')

2 Do — U > initialize with prior parameter
3 t1

4 loop

5: Ve < max{y | Pp,_, (dx(IL,Dr) <) = p}

6 pt < argmax, E,, 14, (,p,)<~, log fp(II)

7 t—t+1

8 until (v—s = -+ =)

9: T+t

10: l:= ]PPT(dK(H,DL) < ’)/T)

11: return [ > return the estimated probability

In the Order Explicit Algorithm (OEA) case (2010, [10]), the parameter p is taken as a matrix of size
nxn where the i** column specifies the probability distribution over the n alternatives for the i** position
in the aggregate. The OEA stores the probability distribution of the alternative at each position of the
permutation in a matrix p = ((p;,;)) which acts as a parameter of the distribution f,. Sampling from
these specifications requires a specific procedure used in the Monte Carlo version.

2.5 Local convergence

Even if the OEA specifications have a sufficient expressiveness to contain the atomic density correspond-
ing to one optimizer, the Cross Entropy Monte Carlo method itself is sensitive to the problem of local
convergence and might converge to a local optimum. Furthermore, the notion of locality on the set
of permutations &,, depends on the metric considered. The devised algorithm optimizes in the metric
space (6,“ TK) where Tk is the Kendall’s 7. The algorithm with the OEA encoding proceeds to blur the
parameter matrix to explore the surroundings in the sense of swapping adjacent alternatives. From the

11



parameter p we define the blurred matrix p’ with blurring parameter b € [0, 1] as

(1 =0)pi,; + bpij+1 ifj=1
Vi € {1,-~- ,n},péd- = bpi,jflﬁ’(l*b)pi’j lf] =n
bpi j—1+ (1 —2b)p; j + bp; j41  otherwise

This transformation preserves the columns summing to 1, hence p’ also characterizes a k x n degrees of
freedom distribution over the permutations.

P11 o Dk ce bprj—1 + (1= 2b)p1j + bpy i
blurring ’ .

p=| | :
Pna1 - DPnk co bpn,j—l + (1 - Zb)pn,j + bpn,j+1

Formally, we consider that two permutations are close if it only requires a few swaps to go from one to
the other. This is formalized by balls in the metric space (Gn,’TK). In this space, we can define balls
centered on a permutation o as B,(0) = {7 € &,, | 7k (7,0) < r} useful for testing the convergence.

Let’s denote C,, (k, ) the set of permutations 7 € &,, such that 7x (7, o) < r and only the top-k elements
of o are not determined ie. the positions of the other elements are fixed. The following decomposition
is based on the fact that inserting the k*" alternative of o at position i creates k — i new inversions, so

Ca(kﬂ") = |_| CPk,i(”) (k —1,r— (k _ 1))
i | k—i<r
k
- |_| Cpk,i(ﬂ)(k_lvT_k'Fi).

i=max(1l,k—r)

where py (o) denotes the permutation obtained by inserting the k' element of o at position i. The
base cases of the recursive definition are C,(0,-) = 0 and C,(-,0) = {o}. When applied recursively, this
procedure explores the closest permutations in a tree-like manner by pruning the useless calls, ie. those
exhibiting permutations that are not in the desired ball.

This procedure recovers the desired ball since B,.(0) = C,(n,r). The case r = oo illustrates a constructive
and recursive definition of &,, since inserting {n} at any position in (1,--- ,n — 1) and then recursively
doing the same with n—1 among the remaining elements yields the entire set of permutations, ie. By (o).

Note that dynamic programming reduces the runtime complexity of the implementation at the cost of
additional spatial complexity. The size of the ball B,.(¢) is also exponential in r. The CEMC algorithm
converges to a local minimum for the Kemeny distance in the sense of the Kendall’s Tau ball, ie. if 7
is the limit ranking produced, it also has the smallest Kemeny distance among the rankings of B,.(7°°)
for r small enough.

2.6 Sampling permutations

The Monte Carlo method heavily relies on two elemental operations: sampling a permutation from the
parameterized distribution and computing the Kemeny score, ie. the Kemenization of each permutation.
therefore, the sampling procedure constitutes a bottleneck in the algorithm which must be efficiently im-
plemented. We propose to investigate how to efficiently sample permutations from the OEA specification
of the CEMC algorithm. Note that sampling and Kemenization procedures are easily parallelizable and
that the only sequential operation of a CEMC iteration is computing the quantile to retain the elite
samples.

To sample from the OEA matrix p = ((p;;)) with i € [1,n], j € [1,%], the naive method is to apply
an Inverse Transform Sampling (ITS) for each alternative from top to bottom. We sample the top-k
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alternatives starting from the 15¢ column by applying successive ITS. For each j € {1,--- , k}, we use the
4t column as the discrete probability distribution from which the j*" alternative is sampled. For j > 1,
we need to cancel out the probabilities corresponding to already chosen alternatives and renormalize the
whole vector which is expensive. The total cost of sampling a permutation from p is O(n?).

Walker (1974, [11]) proposed a method to improve the performance of sampling from a discrete distri-
bution ¢ to a constant time O(1) after a O(n) preprocessing. Graphically, the main idea can be seen
on the histogram of g where each alternative i is represented by a bin whose area is ¢;. We uniformly
sample a point (z,y) of the plane to find the sampled alternative i directly on the histogram. To avoid
the high rate of rejection associated with the blank space, when (z,y) falls off a bin on the histogram,
the mass exceeding % of the overfull bins is redistributed to the underfull bins in such a way that the
bin corresponding to (z,y) can be determined in constant time. This representation is called a binary
mixture since each abscisse index contains at most 2 bins.

1/2 = 112 =

1/4 = 1/4 =

Figure 1: Alias method applied on a toy example of discrete distribution ¢ = (g1, ¢2,¢3,¢4). On the
left the histogram and on the right an associated binary mixture of surface 1 representing the same
distribution on the plane.

The existence of a binary mixture representation is insured by the following theorem due to Devroye
(1986, [12]). Every probability vector ¢ can be expressed as an equiprobable mixture of two-points
distributions, ie.

n
El(i07j0)7 Ty ('Lna.]n) S NQna (607 o 7&71) S [07 1]n7261 = 17
i=1

n

Vie{l,---,n},q= %Z (@l = 4) + (1 = @)I(5 = 1))

=1

Note that the representation is not unique. The Alias method can be extended to sample permutations by
first preprocessing a binary mixture of each column p;. Then an alternative from any p; can be sampled
in constant time which allows the use of a rejection procedure to sample a permutation. Sampling an
alternative at position j close to bottom (ie. j close to k) will cost more rejections than j close to the
top.

The Monte Carlo algorithm requires sampling N permutations from the distribution parameterized by p
which costs O(N x n?) with the naive method against a cost between O(N x n) and O(N x n?) with the
Alias method. The worst case corresponds to a high rate of rejection, but in practice the Alias method
is more efficient than the naive method since it breaks the square complexity.
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Permutation sampling time

100 [~ -1

60 -1

40 |- -

20 |~ -

| | | | | |
400 500 600 700 800 900

200

300
ITS method

100
Alias method

Figure 2: Time required (in seconds) to sample N = 10,000 permutations from a given non-trivial OEA
matrix p with the ITS method and with the Alias method as a function of the number of alternatives n.
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3 Partial rankings and marginals

3.1 Ranking model

Some performance measures being computationally challenging to evaluate for non-linear investment
strategies, eg. requiring the use of Monte Carlo simulations, we would like to leverage on partial ranking
information where only a subset of the alternatives are ranked. This kind of incomplete data naturally
arises in the Information Retrieval field where not all comparisons are provided to the aggregation
algorithms. By denoting = an alternative, the most studied partial information rankings, the bucket
orders are of the form
-
T11y Tl > " > Tp1, 5 Lpp, Where r < n and an =n.
i=1

This corresponds to the case studied by Truchon with the Extended Condorcet Criterion with par-
tition X = {X3,---,X,} € Po([1,n]) with Vi < r, X; = {@;1, -+ ,2in,}. Bucket orders also gen-
eralize the usual top-k rankings where only the best k < n alternatives are ranked by considering
Ty =Ty = v = Tk > Tht1, - ,ZTn. Clémencon et al. (2014,[13]) introduced a Multiresolution Analysis
(MRA) on the space of functionals of &,, to formalize the idea of learning a ranking model by estimating
the marginals.

To formally define a distribution over partial rankings, we use the concept of injective words made
of different alternatives m = my ---mg and of size |r| = k. We write ©’ C = if there exists indices
i1 <+ < such as 7' = m;, --m . We denote by I'(AV) the set of injective words on the subset
N C[1,n]. All the ranking information belongs to the union set

T, = U (V).

NC[1,n]

For a subset N’ C [1, n], the marginal probability distribution of A" over T'(N) is defined by
Vo e T(WN), py(r) := Z p(o).

0’6671
7Co

We define a probability density v on the power set 2["] to draw the subset spaces N. We restrict
the study to the support of v ie. the non-null subsets supp(rv) = {N C [1,n] | v(N) > 0} of size

Q := |supp(v)|. Each subset N defines a batch of partial ranking data {W(Z’N)}ZL:(?/). If the distribu-
tional assumption holds, then the following marginal distributional assumption also holds by taking the
marginals of the global ranking model p.

MARGINAL DISTRIBUTIONAL ASSUMPTION. There exists distributions pas such that

N~
YN € Supp(V)v{ Vvl € {17 7L(N)}7 ,n_(l,/\/) ~bid DA

3.2 Identifiability

Without structural assumptions on the ranking model p, it has n! — 1 degrees of freedom which makes
its identifiability intractable. For example, the pairwise setup which stores preference judgments into a
matrix J only provides access to the pairwise marginals p;,; and therefore only n(n — 1)/2 parameters
of p are identifiable. The total number of accessible parameters in the partial ranking framework, ie. the
number of parameters that can be learned is

> (V) -1).

N €esupp(v)
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Using the multiresolution analysis on partial rankings, Clémencon et al. ([13]) derived an identifiability
result in the case of the partial ranking dataset. We denote by !k the subfactorial function applied in k,
ie. the number of derangements on a set of size k. The derangements of a set are the fixed-point free
permutations, ie. the permutations such that no element remains in its original position.

CLEMENGON’S IDENTIFIABILITY THEOREM. In the absence of restrictive assumption on the ranking
model p, only the marginals pr for N € P(supp(v)) are identifiable and characterized by 3- xrc p(supp(u)) V|
degrees of freedom.

supp

The number of derangements !k is growing almost as fast as the factorial k! since at the limit 'k =5 _, o M

This motivates the use of a structural assumption, ie. a model on &,, or R. The ¢-model proposed by
Mallows constitutes a broad class of models depending on a distance between permutations.

In the case of a global structure M(#) with parameter § € O, we use the following definition of identifi-
ability. The statistical model is identifiable if

V0,0 € ©.51 € &y pm(m | 0) =pm(n | 0) = 0=0".

3.3 Condorcet model

In the case where >~ reduces to >, and contains no cycles, the aggregation problem with the majority
relation consists into uncovering the finest partition and a final total ranking F(Dy) satisfying (XCC).
Truchon (1998, [14]) proposed an algorithm to exhibit such a partition in a polynomial time O(n?).
When the relation =, contains cycles, (XCC) doesn’t address the issue of ranking inside the bins. In
this case, the proposed algorithm produces a partial ranking in R with a residual bin whose alternatives
remain to be ranked with another method.

Following the assumption of Condorcet, ie. independence of pairwise preferences, we consider that each
voter provides a partial ranking 7 € R. The model depends on a ground truth 7gr € R and is
characterized by a non-decreasing function ¢ : [1,n — 1] —]3,1[ which generalizes the constant ¢ used
to introduce the Kemeny orders. The pairwise marginals write as

pe(i =3 | mar) q(mj — m;)
po(i=ilmer) = 1—q(m;—m).

Following the work of Drissi et al. (2002, [15]), we aggregate the pairwise preferences under the assump-
tion of independence with the random variable associated to the marginal weight V; ;. We have

L S u S iy
poVis =l mor) = (1) poli = | 7en)® peli = ] 7).

Therefore, the likelihood of the data Dy, in the Condorcet model with function g is

L(m|Dr)=po(Dr | mer) = [ po(Vij=0i;(DL) | 7ar).

ijeLn]
T <7

By taking a logarithmic transformation and then rearranging the pairwise preferences by layers of distance
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mj —m = k with k € [1,n — 1], we have

argmaxlog L(m | D) = arg max E log (q( ;)i (Pr) (1—q(m; — Wi))L_Ui’j(DL))
TER TER
2]‘€£1 nﬂ

= arg max Z Z (Uz i(Dr)logq(k) + (L — v; (D)) log(1 — ‘J(k))>

TER k=14,j€[1,n]
ﬂ'j—ﬂ'j:k’
q(k)
- 1 (D
= argmax Z ogl_q(k) > vi(Dr)

= i,j€[1,n]
7(‘]‘77!‘,;:]@‘

The maximum likelihood approach gives a class of aggregation schemes by varying the non-decreasing

function ¢, which only appears as a weight vector (log 1(1((1]?,6))2;} depending on k. The corresponding

scheme is

F,(Dyr) € argmax log L(7 | D).
TER

By considering the specific case where q(k) = ¢ € ]%7 1[ is constant, we recover the result of Young, ie.
the aggregation scheme corresponds to the Kemeny rule F ... Just hke Fir, the schemes Fy satisfy the
axioms of non-dictatorship (S1) and anonymity (S5) but they are not Pareto-efficient (S4) nor satisfy
(ITA). Drissi et al. showed that for all non-decreasing function ¢, the scheme F, satisfies weaker versions

of those two axioms, the Weak Pareto Principle and the local independence of irrelevant alternatives.

(WPP) WEAK PARETO PRINCIPLE. For an aggregation rule F'(Dy,), we call ¢ the alternative ranked first,
ie. such as F(Dr); = 1 and 3j € [1,n],Vl in[1, L], j = i.

This weaker version of the Pareto-effiency only concerns the alternative ranked first. Axiomatic results
for the top-k alternatives of an aggregation scheme is more challenging. The utility-based aggregation
theory circumvents the impossibility theorems by building schemes of the choice axiom of Luce (LCA).
The impossibility theorem of Arrow excludes the possibility of finding non-trivial paretian aggregation
schemes satisfying the independence of irrelevant alternatives, which led Yound and Levenglick (1977,
[16]) to propose a weakened version of the (ITA) axiom.

(LITA) LoCAL INDEPENDENCE OF IRRELEVANT ALTERNATIVES. If a subset of the alternatives are in
consecutive positions in the aggregation, then their relative order must remain unchanged if all
other alternatives are deleted from the profile.

3.4 Mallows model

The Condorcet model is built bottom up, from the pairwise marginals to rankings and not directly on
the rankings themselves. On the other hand, Mallows (1957, [17]) proposed a @-model M(m,¢) as
a permutation distribution allowing a wide range of metrics § (such as the Spearman’s footrule, the
Spearman’s rank or the Kendall’s 7). The metric must satisfy the usual axioms (D1), (D2), (D3) and
the right-invariance (D5) to build a ¢-model.

The model belongs to an exponential family of probability distributions over &,, and is unimodal. It can
be seen as analogous to the normal distribution since the probability mass allocated to each permutation
decreases exponentially with the distance to a central permutation 7 according to a dispersion factor .
For the Kendall’s 7, the probability of a total ranking o in M(7, @) writes as

1907'1((‘“’7‘7).

M(m,9)(0) = py (olm,¢) = -
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With Z being the normalization constant, which is the sum over n! elements ) . @™ (M%) In the
case of the Kendall’s 7, the constant Z is explicitly known Z = (14+¢)(1+@+@?) - (14+@+---+p"1).
Note that similarly as for the normal distribution, the normalizing constant only depends on the scaling
parameter . This is a natural property of a distance-based model for which only the distance to the
location parameter m matters and not the parameter itself.

The extreme cases of the model are a uniform distribution over &,, for ¢ = 1 and a Dirac distribu-
tion &, when ¢ — 0. Furthermore, the log-likelihood of the model is log £(7) = log (%@TK(“*")) =
T (m,0)log v —log Z, so for a profile of rankings Dy,

L

Fl s (DL) = arg minz (TK(’]T, 1) log ¢ — log Z)
€&, 1T

L

= argmin E Ti (T, ™
€S, =1

(l))

= argmindg (m,Dy).
TeS,

Therefore, the MLE estimator F, ; . of the mode of the Mallows model corresponds to a Kemeny order,
ie. Fy;p = Fyp- Therefore, the CEMC algorithm is appropriate for recovering the central permutation

of M(m, ) in case the Kendall’s 7 distance is used.

The model is motivated by a generalization of the Condorcet model in which the preference pairs of a
central permutation 7 are wrongly observed with notse probability p € [07 % [ This model is said to be
noisy since it assumes the existence of a ground truth of which the data are noisy observations. Mallows
derived the w-model in the Condorcet framework where the observations remain independent. Using

that the observations of pairs are independent, we have the product over all pairs

o D if 7 and o disagree on the pair (4, j)
pylolmp) =z Hi?éje[[lv”]] 1—p otherwise

_ %pTK(TF,O')(l _ p)(;)—TK(‘mU)

n K (,0)
=La-pG) (%

Therefore, the dependency on o is exponential with decay ¢ := %. The relation between the normal-
ization constants is Z = Z'(1 — p)_(g). A naive way to sample permutations from a Mallows model
M(m, ) is to noisily observe all the pairs of = with the corresponding probability of error and eventually
reject the whole observation if it is intransitive, ie. if the set of observed pairwise preferences doesn’t
constitute a ranking in R. This procedure is highly expensive since exploring all the pairs costs O(n?),
testing if there is a cycle inside the set of pairwise preferences sampled is also costly and the rejection
rate makes it unworkable.

Doignon et al. (2004, [18]) showed that the Repeated Insertion Model (RIM) allows to sample from
M(m, ) in a simpler way. We start from an empty ranking and incrementally insert w1, 7o, -, m,
with probabilities p; ;, i € [1,n],j € [1,4] depending on the pair (i,j). We need to ensure that the
RIM corresponds to M(m, ¢) by choosing the p; ; accordingly. Using the formalism of [19], we denote

-,

j= (J1,- -+ ,Jn) an insertion vector such as Vi € [1,n],j; < i and @, (j) is the total ranking obtained by

successively inserting the 7; at the position given by j; according to the RIM procedure. At each of these

insertions, we create i —j; misorderings with respect to , therefore we have 7x (7, o (7)) = Y1 (i—Ji)-
Therefore we have a procedure based on RIM to efficiently sample from a Mallows model M(, ¢).
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Algorithm 3 Repeated Insertion Model

1: procedure RIM(7, ¢) > samples from M(m, ¢)
2: o+ 0

3: for i € [1,n] do o

4: insert 7; into o at rank position j with probability # for j <1

5: return o

Recovering the central permutation

300 -

150 -

100 [~

0.4 0.5 0.6 0.7 0.8

0 0.1 0.2
Saaty’s method CEMC method

Figure 3: Number of noisy list observations L required to recover the central permutation 7 using the
model M(m, ) as a function of the dispersion factor ¢ going from a Dirac distribution for ¢ = 0 (a
single permutation possible 7) to the uniform distribution as ¢ goes to 1. Note that ¢ — 1 is a non-
informative case, hence the number L required soars. Comparison between Saaty’s method (spectral
method introduced later) and the CEMC method which is superior for data distributed as a Mallows
model.
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4 Utility-based aggregation

A cardinal utility function is a utilitarian score that preserves preference orderings up to positive affine
transformations. It is used in theories of choice under risk for financial applications, notably for its
ability to account for how much an alternative is better than an other while ordinal utility only accounts
for which is better. The most famous application of cardinal utility is the Fzpected Utility Theory which
offers the simplest way to quantify the risk aversion of an investor.

The problem of rank aggregation is formalized by the rank aggregation scheme F : RY — R defined on
rankings. Since the performance measures of strategies provide scores, ie. cardinal information rather
than the ordinal information associated with rankings, we can directly aggregate these scores. We define
the score aggregation problem as finding an aggregate scheme A : R"*% — R™ which takes L score vectors
as input and produces an aggregated score vector.

The introduction of the Bradley-Terry model (1952, [20]) initiated the research on score-based aggrega-
tion. These methods are based on a pairwise data representing the preferences of individuals, initially
used in the field of psychometrics. The preferences are encoded as a matrix J such that J; ; quantifies
how much alternative i is preferred to alternative j. A score vector s € R™ is then derived from J and
the aggregated total ranking is produced by sorting the scores.

4.1 Least squares minimization

Mosteller (1951, [21]) proposed to encode the observed judgments into a skew-symmetric matrix J = —J "
and then to find a score vector s such that Vi,j € [1,n],s; —s; = J; ;. This method allows to cope
with missing information by simply putting a mask Q € {0,1}™*™ on the matrix J, unknown elements
Ji,; are excluded from the optimization by null values of the mask using the Hadamard product ®. The
score vector is computed by the least square minimization problem between the preference matrix J and
the corresponding difference of scores, which can be written as a Frobenius norm

' 1 n o n 2
§ = argmin 1 Z Z Q5 (Ji,j — (2 — x]))

zeR™ | 271 * ;5 =1

1
= argmin —||Q ® (J—1z' —z1")|3.
z€R™ | zT1 4

Using the graph theory formulation, the mask is seen as an undirected graph whose vertices are the
alternatives and the edges correspond to the presence of a preference judgment, ie. ) is the adjacency
matriz. The degree matriz of the graph is Dq := diag(21), which allows us to formulate the gradient of
the objective as (D — )z — (2 ® J)1. By definition, Dg — 2 is a Laplacian matriz whose rows and
columns sum to zero. Therefore setting s := (Dg —Q)*(2 ® J)1 gives the solution to the minimization
problem, since 17s = 0.

4.2 Consistency of preferences

Since a profile of rankings Dy, made of top-k lists gives us a complete matrix of pairwise information, we
use a multiplicative analogous method due to Saaty (2003, [22]). The matrix of preferences J € R}*"

with positive components would ideally be of the form Vi, j, J; ; = 3* where s is a preference vector.
27

The cardinal utility score s is a priority vector if it is invariant under the hierarchic composition principle,
ie. if we weight the alternatives according to s and sum, the same score up to a positive constant must
be produced. This hierarchic composition shouldn’t produce new scores ad infinitum. Therefore s is
such that Js = c¢s with ¢ > 0.

20



Saaty argued that under hierarchic composition invariance, there exists a unique priority vector. The
theorem of Perron-Frobenius insures the unicity of the right eigenvector associated with the principal
eigenvalue Anqz, called the Perron root. The main result of [22] is that the unique priority vector
verifying Js = cs is a positive multiple of the principal eigenvector and c is the Perron root A, itself.
Note that the desired case J; ; = 2—7 directly gives Js = ns and so n is the Perron root in this case.

The theorem is proved for the class of consistent matrices, ie. Vi,j, k€ [1,n], Ji; = JixJr,; and is
extended to the class of near-consistent matrices. A matrix .J is near-consistent if it can be written as an
Hadamard product J = SO E with E = (¢; ;) a reciprocal multiplication perturbation matrix. Therefore
we have Vi, j € [1,n], J;; = %¢; ;. First we notice that for all i € [1,n],

Sj
n n
s; (Js);
_ J_ i
E €, = E Jij— = = Amag-
> ° S; Sq
Jj=1 Jj=1

So we have the following inequality

which insures the bound A4, > n. This motivates the definition of a consistency index CI := ’\";1‘%1_"
Note that CI = 0 if and only if J is consistent.

To insure consistency, we assign positive judgment values into a reciprocal matrix J; ; = J ]Til using an
estimator of the odds ratio defined by Luce’s Choice axiom, the smoothed empirical ratios writes as

o _bimjtec
I Djsi + ¢

where p;.; denotes the empirical probability of ¢ > j. The parameter c allows smoothing since the
empirical ratios are levelled off towards 1 when ¢ — +o00. The class of aggregation schemes based on J
only requires the estimation of the pairwise marginals p;, ; and therefore provides n(n — 1)/2 accessible
parameters. The marginals can naturally be estimated by a frequentist approach with the number of
time the corresponding pairwise preference is observed in the input data Dy,.

The main right eigenvector of J can be computed as follows s = limy_, % € R™. We can then break
the ties in the score vector by any permutation to recover an aggregated total ranking £y (Dr) € G,,. This
procedure is a convenient score-based aggregation with low complexity O(n?logn) but it only leverages
pairwise information. Subsequent work focused on listwise models, estimating the probability of entire
rankings, such as Random Utility Models.

4.3 Plackett-Luce model

For a given score s € R™, the Plackett-Luce model is an extension of the multinomial logistic regression.
It derives from the Luce’s Choice axiom and writes as

Ppp, (T [ 5): HZ
J’L

A natural interpretation of the probability of the total ranking 7 is to pick the alternatives from top
to bottom according to their score and by removing the alternative previously chosen at each step. By
assigning a score to each alternative, the model has a global parameter s € R™, whose components are
estimated through top-k£ marginals. This approach differs from the distance-based Mallows -models
whose parameters define a structure on the symmetric group 6,,.
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We first focus on the problem of estimating top-1 marginals from a top-1 partial ranking dataset

o= {(EW,NW) |1 €1, L]} where i) designates the best alternative of subset A'(!). From this partial
data, Maystre et al. (2015, [23]) proposed to learn a Plackett-Luce model with a spectral algorithm,
ie. leveraging on the pairwise preferences offered by the dataset. We maximize the log-likelihood of
parameter s € R" given the dataset

L
log L(s | Dp) : logH Z %i® Z (log s; — log Z si/)

S
PeN® o =1 P eND

By taking the gradient with respect to s and rearranging the terms to sum over the pairs of alternatives
(i,4), we can show the equivalence of the optimality condition log £(s | D) = 0 and

Vi € [1,n], Z( Z

j#i LEW;NL; Zl reNw Sif leEW;NL; ZZ reN® Si )

where W; := {1 | i) =i,i ¢ NO} and L; := {1 |i® #£4,i € NO} are the voters for which i wins over
and lose against against the alternatives, respectively. We denote og the weight function of s associated
to a subset of the data S C D defined by

1

os(s) = =
Nes Diren 7

We consider the batches of data associated to the pairwise marginals D;. ; := {(i), NO) € Dy, |l € W; N L;}
to rewrite the optimality condition with the weight function. Let J;;(s) := op,_,(s) the judgment
strength associated to the marginal ¢ > j for the score parameter s. The optimality condition can
be written as the global balance conditions of the Markov chain associated with the inhomogeneous

transition rates J; ;(s),
Vi € [[1,71]], E SiJj,i(S) = E Sj:]@j(S)
J#i J#i

Ford (1957, [24]) studied the maximization of log £(0; D) and proposed the following necessary and
sufficient condition on the data for the set of global optima to be bounded and unique - providing that
one parameter is fixed, eg. s; = 0.

FORD’S CONDITION. For the top-1 partial ranking dataset, for any partition of the set of subsets
{NOIE | = X U X into two non-empty sets, we have (Unex, N) N (Unex, N) # 0.

This can be seen as requiring the hypergraph ([1,n], {NW}£ ) to be connected. Maystre et al. proved
that under Ford’s condition and the marginal distributional assumption, the stationary distribution s
of the time-inhomogeneous Markov chain associated to the preference matrix J(s) coincides with the
maximum likelihood score, ie. 5 = s*. The Luce Spectral Ranking algorithm relies on this property.

Algorithm 4 Luce Spectral Ranking

1: procedure LSR(Dy)

2 J+—0eR™"”

3: for (i,N') € Dy, do
4: for j e N'\ {i} do
5

6

7

Jij < Jij +n/IN| > build preference matrix

5 + stationary distribution of Markov chain J
return s

The stationary distribution of the Markov chain can be computed using the eigenvalue method or a
LU decomposition. The main idea of this aggregation scheme is to build preferences with respect to a
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structural model depending on parameter s and then calibrating s to respect the invariant composition
principle. Therefore, the rates must be updated at each iteration to take into account the changing
preferences J(s). The main limitation of this algorithm lies in the use of pairwise information. In order
to fully exploit the ranking information of a dataset, we propose to estimate the probability of an entire
ranking with the help of the Random Utility theory.

4.4 Random Utility Models

Random utility theory has been developed in economics to overcome the complexity limitations of the
Kemeny and Condorcet models. Random Utility Models (RUMs) construct an agent’s preferences by
drawing scores from a distribution parameterized by a ground truth. The use of RUMs received a decisive
momentum from the breakthrough contribution of Soufiani et al. (2012, [25]) who devised an efficient
EM procedure to learn a wide class of multivariate distributions from the exponential family, including
the Plackett-Luce model.

Random Utility Models are defined from a ground truth vector § € R™ used to compute the probability
of a total ranking, ie. an n'® order probability marginal. The estimation of listwise probabilities allows
to use more ranking information and therefore extracts more information from low consistency datasets,
ie. such that CI > 0.

The probability of producing a given total ranking 7 with the random utilities (X, > --- > X, ) is
v | 0) Xﬂ'l > > Xﬂ'ﬂ)

/ / / fir, (Tr,) - oy (Ty) Ay -+ e,

=Lr,

Prim(

where p; = p(- | 6;) is the parameterized distribution for random utility X; using 6; as a mean.

In the usual MLE approach to social choice, we learn the parameter  which maximizes the likelihood
of the observed profile of rankings Dy, ppyy (DL | 0) = H1L=1 Prum (T(1) | 0). Following the work of
Soufiani et al. we consider distributions p; belonging to the exponential family

pi(x) = exp(n(0:)T(x) — A(08i) + B(x)).

The Plackett-Luce model can be cast as a RUM with Gumbel distributions y;(z) = e~ =5) exp(—e~(@=31))
and the corresponding part functions are n(0;) = s; = €%, T'(x;) = —e~%i, B(x;) = —x; and A(6;) = —0;.
The Gumbel distribution is used to model errors in discrete choice theory because the difference of two
Gumbel distributed random variables follows a logistic distribution.

4.5 Parameter estimation of RUMs

We restrict again the class of distributions to the location family where the scale parameters of the
distributions are fixed. The i*" random utility can be written as X; = 6; + & where &, is a centered
subjective noise. To design an efficient learning procedure, we need the concavity of the log-likelihood
log£(6 | D) = Zlel log Pruu (7] §). Tt is sufficient to have each &; distributed with a log-concave
density. The Gumbel and fixed-shape normal {N(6,0?) | § € R} families belong to the location family.
Ford’s necessary and sufficient condition for the set of global maxima solutions to be bounded in the
case of the Gumbel distributions writes as follows.

FORD’S CONDITION. Given the data Dy, for any partition of [1,n] = A3 U Xs of two non-empty subsets
of alternatives, there exists i € X7,j € X such that there is at least one total ranking 7)€ Dy, where

1= ) J-

Estimating the parameter § can be achieved with an algorithm which builds a sequence {#)}22, by
iterating the following EM procedure.
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e E-sTEP. For any 6 € R™, we compute the conditional expectation of the log-likelihood of the aug-
mented data (D, and the latent variables X). The latent variables X are distributed conditionally
on Dy, and the current selected parameter 6(*)

L
Q6,00) = Ex [1og [[p(x®,70 | 6) ’ Dy, 9<t>} .
=1

e M-sTEP. We solve the optimization problem associated to Q(-, G(t)) and use the result for the next
selected parameter (1)

9+ ¢ arg max Q(0, G(t)).
0cR"

Using that u belongs to the exponential family, the conditional expectation can be decomposed as

L
Q0,0 = Ex[1og [[p(XV | 0)p(x | X') | D1, 0]
=1

I
M=
NE

B g () | 0,0

N
Il
-
o
Il
_

3

I
M=

(o) 0.0] a0 )

~

1

~.
—

where C :=E {B (Xi(l)) ‘ wt, H(t)} is independent of # and doesn’t intervene in the optimization.

x®

It remains to estimate the conditional expectations Si(l)’(tﬂ) =Eyn [T(Xi(l)) ), H(t)} where T is the

sufficient statistic bearing the information of the shape of p;. UsinLg a Monte Carlo estimation, we have

N
1),(t4+1 1 Dk . 0.k
Si( M & N ZT(Q%(‘) ) with {335) }Ilcvzl NpRUM(' ‘ W(l)aa(t))~
k=1

Soufiani et al. proposed several technical details to carry the estimation of the Si(l)’(tﬂ) efficiently. First,

the sampling from the conditional distribution p(- | 7r(l),9(t)) is achieved with a Gibbs sampler. For
O]

,¢ from a truncated version of
(3

each k € [1, N], we select an alternative i in 7(*) then sample its utility

JUR0) () at the previous and next utilities x(l()l> and x(?l) . We denote the distribution obtained at step k
i i1 Tit1

of the Gibbs sampler by ppo. . (- | xl_(li)’k, 7t M) where x(_l)zk is the current vector of sampled utilities

without the utility of alternative i.

4.6 Normal RUM with fixed variance

We consider the case of the normal distribution with fixed variance o2 which belongs to the exponential
family since

5 1 —(a=0) 6 62 —z? 1
N(07U )(I) :W e 277 = 77(9) = ﬁa T(:ZJ) =T, A(G) = T‘_Qv B(I) = ? - 510g(27‘l’)

The normalization constant only accounts in the base measure B(z) which doesn’t intervene in the E-step

equations. The truncated normal distribution can easily be sampled using a rejection-based sampling of

the normal distribution z1_). The E-step consists into estimating the SZ-(I)’(tH) and the M-step consists

into solving the optimizatig)n problem

L
9+ ¢ arg max
g )

(m(0:)s D — 40))).
=1

7

—
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In the case of the family {N(0,02) | 6 € R}, the estimator of the ground truth parameter § used as next

iteration parameter #¢t1) is given by

L
. 1 1 1), (t+1
i al, 60 = L3 g0

=1

Figure 4: Example of density of a truncated normal distribution pRUM,tr(- | x(l)i’k, HONOR

The procedure derived to learn the parameter 6 from a profile of rankings Dy, using a Random Utility
Model belongs to the class of Minorize-Mazimization (MM) algorithms since at each iteration ¢, the
conditional expectation Q(-,0®)) of the E-step is a surrogate function which minorizes the log-likelihood
objective. Once the parameter 6 is learned, an aggregate ranking is obtained by simply sorting its
components. This algorithm allows an efficient calibration of the normal RUM and is one of the leading

utility-based rank aggregation schemes.

Algorithm 5 Monte Carlo EM algorithm for learning normal RUM

1: procedure MC-EM(e, N)
2 t+— 1,00 <0
3 while [|0¢+D) — 9®)|| > ¢ do
4 for 1 € [1,L] do
5: for k € [[1,N] do
6 1~ Z/[[[Ln]]
7 xElLk ~ D (| m‘fﬁ’k,ﬂl),e(t))
8 for i € [1,n] do
0),(t+1 N
9 ST % TRl T
10: for i € [1,n] do
11: ot Lyl g0+
12: T+t
13: return 6(7)

> Stopping criterion
> E-step, parallelizable Gibbs sampler

> sample an alternative uniformly

> Monte Carlo approximation

> M-step
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5 Learning to rank formulation

The proposed solutions to the ranking aggregation problem allow to judge the quality of strategies with
respect to one another. The aggregation schemes must be called each time new strategies are to be
ranked and are expensive in the number of strategies. Using online learning algorithms, a model can
be learned beforehand to rank a set of strategies in constant time. The algorithms require to select
features describing the alternatives. In the case of portfolio optimization, these features must describe
the distribution of the expected returns of an investment strategy. Furthermore, we would like to leverage
on the possibility to assess every portfolio with each performance measure, a significant difference from
the field of Information Retrieval where very few preferences are provided by the users.

The problem of ordering a set of alternatives based on preferences is ubiquitous in the fields of application
of Machine Learning, nonetheless our comprehension of learning to rank falls short of our comprehension
of the usual regression and classification problems. The problem is often tackled with pointwise formu-
lations, such as casting it into a classification problem (is this alternative relevant or not?) or with the
ordinal regression.

Tie-Yan Liu (2008, [26]) categorized the learning to rank algorithms into three groups depending on their
cost function.

e Pointwise approach: each datum in the training set is associated with a score and the learning
problem boils down to a regression - predict the score of a new single alternative.

e Pairwise approach: the learning problem boils down to a classification problem - a classifier is
learned to predict which alternative is better when a pair of alternative is presented. It corresponds
to minimizing the number of inversions in the final ranking.

e Listwise approach: the learning problem minimizes a cost metric defined on lists. This is the most
natural way to tackle the problem of learning to rank but also the most challenging. Most metrics
being highly discontinuous, surrogate losses must be considered.

We propose to adapt the Learning to Rank paradigm to the portfolio optimization problem by focus-
ing on listwise loss functions. Several studies have suggested that optimization with respect to listwise
losses produces better result than with respect to pairwise or pointwise losses. A theoretical approach
is suggested to derive an optimal algorithm insuring consistency of the surrogate loss function. Cap-
turing information of full ranks is computationally intractable but we can use approximations of top-k
probabilities to capture partial rankings information.

5.1 Feature space and dataset

As in the work of Duchi (2013, [1]), we consider that the user provides a query ¢ conditionally on which
the alternatives must be ranked. We assume a finite number of queries so they can be labeled by a

query index q € [1,Q]. We then work in a features space X of finite dimension d with each alternative

i € [1,n] represented by a vector of features xz(.q) € X conditional on the query q. The features are

chosen to represent an alternative with a finite set of characteristics. For a query ¢, N9 denotes the
subset of the alternatives corresponding to q.

We are looking to learn a mapping h : ¢ € [1,Q] — &, that would produce the desired ranking of
the subset of alternatives A9, This mapping can be learned from a query-based dataset providing a
batch of data {xﬁ‘”, yzgq)}?:(? for each query ¢, where y'?

;. is a relevance score associated to the alternative
(a)
T,

. The usual 0 — 1 loss function for rankings I(h(q),y) := I(h(q) # y) is defined by comparing the
permutation produced h(g) with the permutation associated to the vector of scores y(@ . Tt is the listwise
loss used for the theoretical analysis of Learning to Rank.
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Therefore, we optimize the empirical risk associated with the mapping h

Q Z y(q)

As in the work of Xia et al. (2008, [27]), for efficiency consideration we consider that the ranking function
h is decomposable with respect to alternatives. We define a scoring function s : R — R and use it to
(q)

1 )7 o

-, s(x () )). In the population formulation,

score each alternative into a score vector s(z(9)) := (s(z N

this vector is chosen from a vector Borel-measurable function set.

We can extract a permutation from this score vector by sorting its components to produce the mapping
hs(q) = sort(s(z(9))). This class of mappings naturally arises from the utility-based theories studied
previously. We proceed to optimize the associated risk with respect to the scoring function s instead

Q Zl ) with hs(q) == sort(s(z(?)).

5.2 Listwise surrogate losses

The 0—1 loss makes this risk s — R(s) non-differentiable and therefore its minimization intractable. We
replace the loss function [ by a surrogate loss ¢ between the ranking ground truth seen as a permutation
y9 € &, and the score vector produced s(z(?) which gives the surrogate risk

Q
1
- @E :cp(q)(s(x(q)),y(q))
q=1

where () R* x S,,@ — R is the surrogate loss. Note that it depends on the query g since the size of
the subset of alternatives varies. In the following sections, the subscript (g) is often left out to alleviate
the notations but the analysis is carried out for any query g on the subset of alternatives (9 relabeled
as [1,n(9].

The surrogate loss ¢ is chosen to ensure tractability of the optimization and Fisher-consistency, ie. solving
the surrogate problem yields a solution to the initial risk minimization problem. This is formalized by
the following definition from [28]. A surrogate loss ¢ is Fisher-consistent with respect to the 0 —1 loss if

s* €argmin Egynp {cp(s(q),Y)} = s* cargmin E,y~,p {l(hs(q),Y)}
s : R—»>R s : R—>R

Xia et al. gave sufficient conditions for ¢ and the probability space to be Fisher-Consistent with respect
to the 0—1 loss. For alternatives ¢, j, we define the marginal set of permutations &;,; :=={y € &,, | i > j}
corresponding to the condition ¢ > j. The probability space (2, F,p) is order-sensitive if

Vi,j € N,Vy € Gy, p(y) > p(oi;y)

where o; jy denotes the permutation obtained by swapping alternatives ¢ and j in y and keeping the
others unchanged. This means that for each pair ¢, j, the probability measure must favor the permutations
ranking the pair in the right order defined by >~ over the same permutations with the exception of the
swapped pair.

Furthermore, a surrogate loss is order-sensitive if

Vi= j, Vy € Gy, S(xy@) < S(xyj) :> o(s,y) > @(S’O’iyjy)

vy € &y j, < 52-(s,

Vi s = | WESmiag s0( 'Y) 38142( y)
or Vy € &, 22 35 P(5:9) = 55;0(s,9)
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where all conditions must be strict for at least one y. This means that if alternative y; is better than
alternative y; according to the permutation y and if the scores s(z,, ) and s(x,,) disagree, we can decrease
the loss ¢ by swapping ¢ and j in y.

XIA’S CONSISTENCY THEOREM. If both the probability space and the surrogate loss are order-sensitive
then the surrogate loss is Fisher-consistent with respect to the 0 — 1 loss ([27]).

Using log-likelihood, we can build consistent losses ¢(s(z),y) = — log p(y|x, s) using order-sensitive prob-
abilistic models p. The Plackett-Luce model (€2, F,p,,, ) is order-sensitive de. if i > j and s(zy,) < s(zy,),
since the score attributed to z,, ,,, is larger than the score of x,, ;,,, the modified permutation o; jy
is more likely. The model has other desirable properties, such as y = (y1,--+ ,yn) is the most likely
permutation and (yn,---,y1) the most unlikely. With an exponential score, the model can be written
using the softmax function

e’

(y]z,s5)=]]0(se,) with o(s); = =——
Ppp\Y };[1 D

j=16% .

5.3 Top-k probabilities

In order to simplify the optimization while retaining as much ranking information as possible, we work
with top-k probabilities, i¢e. the probability of the set of permutations whose top-k elements are exactly
Ji,++ ,jk. All such permutations form the subgroup &(ji, - - , jx) whose probability in a ranking model
p is the marginal p(&(j1, - ,jk) | ) := ZﬂEG(jl,--- ’jk)p(ﬂ' | s). Fortunately, this top-k marginal prob-
ability is easily computable in the case of the Plackett-Luce model using the following property, due to
Cao et al. (2007, [29])

exp(s(z;,))
i’ =1 eXp( s\, '))

ppL(G(jla"' v]k | s H Z

Note that (jgt1,--- ,Jn) used in the expression only appear in the normalization constant and can be
taken in any order to normalize in the softmax function. We define the Cross Entropy loss ¢, between
the top-k probability distributions with respect to a relevance score y and a predicted score z := s(x) by

SDCE(y?Z) = - Z ppL(g ‘ y) 1og(pPL(g | Z))
geS)K

where Gy, denotes the collection of the top-k subgroups. Computing this loss costs O(#‘k),n) since the
collection contains (n%'k), subgroups whose probabilities are computable in O(n) (each top-k subgroup
contains (n — k)! permutations).

The model ListNet learns a linear prediction function z = s(x) := (w, ) with w € R? by minimizing PR
with a gradient descent. In the general case of top-k probabilities, the gradient with respect to w is

written as
Voo W) == (HJ )(Z(%—Z&(zﬁ'%‘w))

geS, i=1 1 =1

sq

where 6(s) denotes the partial softmax vector of the score vector s and is defined as &(s); =
Jj=1i

Computing this gradient V¢ (y,2) costs O(k!kn?p), therefore stochastic gradient descent is needed
to cope with the factorial complexity of the top-k loss. The top-1 is often used to determine the most
likely alternative when this choice suffices, but most of the ranking information is lost since learning the
top-1 alternative doesn’t leverage on partial rankings. Using that we sum over the n top-1 permutations
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g = (j1,--+), we can derive a simple form for the top-1 gradient with a single sum, computable in O(n)

Oppr (9| 2) Ppp (9 | ¥)
VW@CE (y,Z) - = Z PLaw L

ol Ppr(9 ] 2)
Z Vi (Z?:l i g'?
_ )
geSE Z?—(ql) e N Dimy €7 1
=3 0w (Y o)iws — )
geS i=1
n
=3 (o, — o(2);. )i,
ji=1

Since learning the top alternative considerably reduces the learning capacity of the listwise framework,
Luo et al. (2015, [30]) proposed to sample a few top-k subgroups to evaluate an approximation of the
top-k gradient loss at a fixed cost, hence breaking the factorial complexity in k. We sample S top-k
subgroups g1, - ,9s € G by sampling the top-k alternatives of each g. The probability distribution
used for the sampling is derived from the current score learned z in what Luo et al. called the Adaptive
distribution sampling. An alternative i whose predicted score z; is high is more likely to be sampled
among the top-k alternatives of the samples (g1, -+ ,gs). This Monte Carlo procedure uses S samples,
which doesn’t depend on k. This induces stochasticity in the choice of the direction of descent so the
procedure is a stochastic gradient descent which costs O(Skn?p).

Algorithm 6 Stochastic Top-k ListNet

1: procedure LISTNET(k, €,7)

2 w <« N(0,¢€) > randomly initialize the model
3 for t € [1,7] do > T iterations
4 for ¢ € [1,Q] do

5: for i € [1,n9] do

6 sample the S permutation subgroups gi,---,gs € &

7 compute the prediction z(9) = (w, x(‘I)) > 2(9) is the vector of features knowing ¢
8 compute the gradient Vo . := Vypon (y(D, 2(9)

9 update the model w - w — Vo,

10: return w > return learned model

A simple Tychonoff regularization %|/wl|3 is often added to the model to avoid overfitting and computa-
tional instability in the softmax function (the exponential normalization is highly sensitive to overflows).

5.4 Normalized Discounted Cumulative Gain

The graded label vector y provides relevance score for each alternative. For a predicted score vector
z, we denote . (¢) the rank of alternative ¢ in the ordering induced by z. For a given ranking, we
call cumulative gain at precision k the sum of the relevance scores of the top-k alternatives and denote
it CGi(y) := Zle yi. We emphasize the relevance scores with a monotonically increasing function
G(r) := 2" — 1 and discount each contribution by its position 7, (i) in z with another monotonically
increasing function F'(i) := logy(1 + 4). This gives us the Discounted Cumulative Gain at precision k of
the ranking

k
G(y)
D
CGx(zy) Zz:; F(m.(7) Z log2 (14 m.(i))
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For a query ¢, the DCG at full precision k = n{? must be normalized with respect to the query to obtain
the commonly used Normalized Discounted Cumulative Gain in our query-based setup

n(@)

NDCG(z,y) Z(q) Z log2 (1+7.(1))

where Z is the normalization constant, ie. the maximum DCG over all rankings of the alternatives N (9)
This normalization with F' has first been used in the field of Information Retrieval and is crucial to
achieve consistency. Ravikumar et al. (2011, [31]) showed that the choice of the discount function F
is critical in the designing of consistent surrogate losses to optimize with respect to the NDCG metric.
The functions F and G define a family of NDCG metrics: the precision at k can be taken into account
directly by the discount function with F'(i) = 400 if 4 > k which cancels out the remaining alternatives.
For example the usual Prec@k metric is member of the NDCG family with G(r) = r and F(i) = I(i < k).

We propose to minimize the NDCG at full precision (all alternatives considered for each query) seen as a
loss, which corresponds to maximizing the gain. We denote this loss by ¢\~ (2,y) Where ey (1) is the
rank of alternative ¢ for query ¢ (this is tantamount to summing from top to bottom along the ranking
induced by z).

n(@) (@)

1< 1 v _ 1
® () =1—- =
NDCG Q ; 7(a) ; 10g2(1 4 7T£ )(Z))

Since the loss depends on the ranking induced by the score vector z and not directly on the score,
the optimization is challenging. Valizadegan et al. (2009, [32]) proposed a probabilistic framework to
optimize with respect to this criterion by considering the expectation over all the possible rankings for
a given query gq. We assume the existence of a ranking model p(‘J)(~ | s) knowing the scoring function s
and the query gq.

The expected loss can be written using this ranking model

Q n(@) (a)
1 1 2yz - 1
E.|¢xpo (50| =1— = D = E{]
[#xpca(=9)] Q ; Z(y@) ; logy (1 + 7% (3))

L@ L @ o® _ 1
e (T e e )

=1 \7€6 (o)

The optimization is based on the following bound which holds for all distributions p, using Jensen’s
inequality
n(@) (2)

Q
1 29 —
]EZ[ , ]<1_7
‘pNDCG(Z 3/) > Q; y(q ZlogQI—HEm])

Then by writing the rank as 7, = 1+ 2?21 ]I(m > 7Tj), we can express the expectation of the position 7;
using the pairwise marginals of the probability model p(j >, 7). This approach is based on a probability
model for which the pairwise ranking probabilities are directly dependent on the function h predicting

the score z
n(@)

E[r,] =1+ ZE{]I(WZ- > wj)} =14+ p(j =x i)
j=1 j=1

We denote by S the sigmoid function with shape parameter A such as Sy (9) := :H‘E%M We can consider
a framework which easily models the pairwise marginals, for example by considering them independent
with the following model

Vg e [1,Q], p9(r | s) =
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In this case, assuming s(a:z(-q)) > s(m§-q)), the corresponding pairwise marginal satisfies the inequality

p(j > 1) < Sa(s(z{) — s(@{?)).

It motivates the approximation with the logistic function of the left side of the inequality. [32] gives
the theoretical justification of this logistic model widely used to approximate such marginals in ranking
statistics. By plugging this approximation into the previous inequality, we have to minimize the upper
bound

n(@®) ygq)

1 1 2 1
H(s):=1- 0 (1—2_:1 Z(y@) ; logy (1 + ALV(s))

n(@)

where A (s) := > SQ(s(xlgq)) —s(2'?)) is the approximation of the expectation E[r;]. Using a Taylor
approximation of the discount factor, the problem consists of minimizing a quantity M (s) not depending
on a ranking induced, which makes it tractable

1 @ 1 e (a) (9)
M(s):=1— 0 q; Z5@) ;(2% — 1A (s).

The linear model z = (w,z) of ListNet can be used for s to easily derive the gradient of this quantity
and minimize it in a few steps. This procedure is computationally very efficient but relies on a pairwise
model p(@ (7 | s).

5.5 Consistency of the NDCG family

We propose to study the consistency of the NDCG family of losses defined by the functions F' and G
proceeding as Duchi et al. (2013, [1]). For a query g, recall the NDCG loss

.G

.1 (yi)
Pavoa B9 =1 7005 2 Ry

i=1

We consider a probability distribution p on the topology of the relevance scores y and define the pointwise
conditional risk by integrating out the relevance scores. The quantity

n 1 Glu,
[ vpoo it =1 -3 g [ Sy,

is minimized with respect to z when the ranking induced by this score corresponds to the order of the
integral vector ( fy C;(("‘Z)) du), as shown by Ravikumar et al. in [31]. Duchi gives a characterization
of the Fisher-consistent surrogates losses for the NDCG family. First we define the vector of scores z

corresponding to the order of the integral vector for the distribution
G(y:) G(y;)
zi>z~when/ du>/ Ydp .
! v Z(y) v Z(y)

DUCHI’S CONSISTENCY THEOREM. A surrogate loss ¢ is Fisher-consistent for the NDCG family if and
only if for all query ¢ € [1,Q] and distributions (@,

irzlf{ Pz, p?) — inf (', p @)

Z () ::{zeR”

2 ¢ Z(u) }.

An interesting family of losses satisfying this theorem is given by the anti-kernel approach. For any
function ¢ : R — R, nonincreasing, differentiable and such that ¢’(0) < 0, the surrogate defined as

e(zy) =Y (;((yi)) Z¢(2’j — %)

i=1 Yy
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is Fisher-consistent by Duchi’s theorem. The optimization procedure developed previously corresponds
to this family of surrogate losses with the sigmoid function ¢(8) := Sa(—9) = Hﬁ which satisfies the
requirements to ensure consistency.

5.6 Learning with rank aggregation

Following the work of Duchi, we propose to leverage on rank aggregation to produce labels associated
with queries. We need to make an assumption on the limiting behaviour of the aggregation scheme
A R 5 R™ when L — oo.

(¢) , (a)

AssuMPTION A. For a given query ¢ € [1, Q], let a sequence of measures m;*’, my"”, -+ be drawn i.i.d.
conditional on ¢. For L measures, we define the aggregated score Yz := Ap, (mgq), e ,mg)) and denote

uf) its distribution. There exists a limiting distribution ;{9 such that

(@) law (g
P o B

We define a class of estimators taking advantage of the weak convergence of Assumption A. Duchi
proposed to use U-statistics to develop a class of statistical procedures ensuring convergence to the
empirical risk R¥. We build a surrogate empirical risk using the robustness of the U-statistic in its loss,
which depends on n and the order of the U-statistic u < L

o3 1 < AN (q) (9) ()
RL’u(s) = 0 E (u) E p(s(z'?), A(my 7, - smy, ).
q=1

1< <l

This is an unbiased estimator of the surrogate population risk
Ly (@)
R} (s) == 0 ZE(‘I) {4,0(3(95(‘1))7 Am? ... ,mgq)))}
q=1

where E(9) denotes the expectation under u(?. Furthermore, note that when u — oo, RY .(s) tends to
the complete aggregation surrogate empirical risk

Q
%Zw(sw@),m{m@ [ 1e [1L.L})).

We now enumerate sufficient conditions for the estimator to converge in probability. By sorting the
query indexes, we assume without loss of generality that P(¢q) the probability of observing query ¢ is
nonincreasing in the associated index of q. The following assumption describes the tail of the query
distribution.

AssUMPTION B. There exist a constant 3 > 0 such that Vg € [1,Q],P(¢) = O(¢~#~1) where q denotes
the query index.

This assumption allows to deal with infinite sets of queries while being automatically satisfied for finite
sets. The following assumption concerns the regularity of the loss function ¢.

AssuMPTION C. The loss ¢ is bounded and Lipschitz continuous over the set of ranking functions
h: A— &, generated by the L measures. For all query ¢ € [1, Q], there exist constants By, and K,
such that
vy € R Vs:RE 5 R, 0< o(s(z(9),y) < By
v " Vst i RE S R, [o(s1(@@),y) — p(sa(2®),p)| < Kpllst = sall
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It is sufficient to choose ¢(+, y) convex to satisfy assumption C. In order to guarantee uniform convergence,
we let the aggregation order u; grows with the number of measures L. The next assumption imposes
regularity constraints on both the loss function ¢ and the aggregation scheme A.

AssumPTION D. There exist constants C, p > 0 such that for all ¢ € [1,Q], ur € N, By, = o(u}),
s:RY =5 R,

ED (s @) Am{? - m))] = lim B [p(s(2®), A, ml)]| < CBruz”.

U’ —00

DUCHI’S CONVERGENCE THEOREM. Provided a few topological constraints on the structure of the
ranking functions, assumptions B, C and D insure the convergence

sup Rf,u(s) - Rf/,u(s) L—> 0.
s:RL SR —o0

Therefore, by using a Fisher-consistent and convex loss, this theorem gives a statistical procedure that
is both computationally tractable and asymptotically consistent. Duchi’s convergence result is the the-
oretical basis of learning to rank using aggregation as supervision. The framework developed allows to
tackle a wide variety of real world problems.

Algorithm 7 Stochastic U-statistics NDCG optimization

1: procedure NDCGUSTAT(u, A, n)
2 w  N(0,¢€) > randomly initialize the model
3 for t € [1,7] do > T iterations
4 q~Up,Q > sample a query
5: for i € [1,n9] do
6: compute the prediction 2(9) = (w, z(®)
7 compute the gradient Vo = Vuoypoa (A(ml(f), e ,ml(Z)), 2(a))
8 compute the regularized gradient Vo := Vo oo + Aw > Tychonoff regularization
9 update the model w < w — NV
10: return w > return learned model
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6 Bond portfolio selection for the yield curve fitting problem

Understanding the term structure of interest rates is central in finance and economics since it allows both
pricing financial instruments and understanding economic conditions. It is formalized by the estimation
of the yield curve from a subset of available money market instruments, the yield curve fitting problem.
The issue is critical for the good performance of money markets and is therefore addressed by all central
banks, offering a multitude of fitting methods. Nonetheless, the selection of the instruments is often
carried out manually and stability issues make it challenging. We propose to apply aggregation-based
ranking systems to automate the selection of bonds to build the yield curve.

6.1 Coupon bonds and the term structure of the interest rates

Following the notations of Filipovié¢ (2005, [33]), we consider today’s time t and a maturity date T > .
The term structure can be described by the value P(t,T) at time ¢ of one unit of currency at time 7.
The virtual contract associated is called zero-coupon bond (ZCB) with maturity date 7. We are looking
to estimate the function T +— P(¢,T) for a given time ¢.

P(t,T) 1

WV

t T

MARKET HYPOTHESIS. There exists a frictionless market for ZCB for all maturities 7" and this market
is efficient, ie. without arbitrage opportunities.

These assumptions are required to verify the expectations hypothesis which states that the long-term
rate is purely determined by current and future expected short-term rates. Hence, the expected final
wealth from investing in a sequence of short-term instruments equals the final wealth from investing in
long-term instruments.

1 2 3 4 5 6 7 8 9 10
Figure 5: Example of curve T' — P(¢,T) of the US Treasury Bonds market T-bills for t = march 2002,
time axis graduated in years.

The following property can be proved by a no-arbitrage argument and imposes regularity constraints
on the curve, Vt < T < S, P(t,S) = P(t,T)P(T,S), hence the smooth appearance of the function
Tw— P(t,T).
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We first define the continuously compounded spot rate R(t,T) := 7% to build the usual instan-
taneous short rate at time ¢ by taking the limit r(¢) := limy_;+ R(t,T). Therefore, for a small interval

At, we have the first order approximation of the discount factor

m — 14 r(0)At + o(A).

For a coupon-paying bond with cashflow {¢; ?;_11 at times {Tl}:":_ll7 maturity 7T, and notional N, the
expected price at time t writes as

m

p(t) =Y P(t,Ti)e; + P(t, T,)N.

i=1

The term structure of interest rates is characterized by the knowledge of the ZCB P(t,T') or equivalently
by the yield curve T + R(t,T) such that P(t,T) = e~ B&T(T=1)  The yield corresponds to the rate
explaining the observed market prices p(t). Similarly, we can compute the yield of a coupon-paying bond
with the appropriate frequency for discounting the coupons. Note that we only use riskless, government
bonds to ensure that P(¢,-) remains under 1, ie respecting the time value of money principle stating
that one unit of currency is worth more now than the same amount in the future.

6.2 Nelson—Siegel-Svensson model

The Nelson-Siegel model has been introduced in 1987 to propose a global model to the term structure of
interest rates. It is defined on the yields and can be fitted using market yields. With the extension due
to Svensson (1994), the Nelson—Siegel-Svensson (NSS) model became widely used by central banks for
its ability to explain the term structure. We call y(t) the market yield at time ¢, the unicity is insured
by the market hypothesis.

The (NSS) model is defined on the yields

1 —exp 1 —exp —t 1—exp —t
~ A1 A1 Ao
= S+ B k(o mew g )t h (ot ey ).
A PY! 1 Az 2
long-run
yield level oy ponential decay on short-end first hump second hump

Calibration of the model requires to learn the yields parameters B = (B4, P2, 03, 84) and the time-
homogeneous parameters X = (A1, A2). This model allows to fit different behaviour of the yield curve
on both ends and two humps. Svensson improvement consisted into addingthe second hump and the
corresponding parameters (34, Ao to widen the fitting power of the model. This structure has been
proposed following a principal component analysis of historical market data.

The fitting is carried out my minimizing a mean squares metric between the predicted yields and market-
observed yields {y(¢;)}7,, which allows the use of a wide variety of different instruments. The (NSS)
fitting problem writes as

m

-

(B*, X*) = argminz (Q/;’X(ti) - y(ti))z. (NSS fitting)

BA =1

The most usual calibration method relies on the Nelder-Mead algorithm, a gradient-free optimization
method useful for multidimensional problems. Gilli et al. (2010, [34]) demonstrated the stability issues
associated with the parametric problem (NSS fitting): the objective function is not convex and exhibits
several local minima. If the fitting’s stability can be improved by carrying several runs, the selection of
the bond portfolio remains challenging and is often achieved by trial and error. Automating the process
of bond selection based on characteristic features would offer a clear advantage the manual selection.

35



6.3 Maturity buckets and features

For a given date t, we have a set of available riskfree bonds B;. The bond portfolio selection problem
consists into choosing a portfolio S; C B; to fit the yield curve with the (NSS) model. For our analysis,
each bond is characterized by features capturing different properties of the financial instrument. For
bond i € B;, we propose the following characteristics.

e Coupon C;: amount of coupon paid. The frequency of the cashflow can be incorporated by bringing
all the coupons to the same virtual frequency.

e Issue volume IV;: volume of bond traded during the day. Used as a liquidity measure for the
instrument.

e Modified duration D;: value associated to the cashflow describing the price sensitivity of the bond.
It can be seen as a derivative with respect to yield.

e Yield y;: amount of return realized by the investor on the bond. Immediately after issuance, it
corresponds to the coupon rate but then varies on the opposite direction than the price.

Furthermore, the selection imposes maturity constraints to avoid selection too many bonds on the same
side of the curve. We deal with this issue by dividing the time scale into maturity buckets and selecting
bonds in each of the buckets. This choice allows to provide the fitting method with enough yield
information on each part of the curve and avoid the unstable extrapolation on the long end. The
selected buckets are defined between the pillars T = {T},--- ,Tr} = {today, 1, 3, 6 months, 1, 3, 5, 10,
15, 20, 30 years}. For a pillar Tj, the corresponding bucket is [Ty, Tp41[ or [T'5, +00[ for the last one.

To=t Ty

W

Tp1 T

The bond space and the selection S; are decomposed on the maturity buckets as B, = |—|be[[1 B] Bib
and S; = |_|b€[[1, Bl Si.p- A vector of features is associated to the bond portfolio S; by aggregating each
characteristic feature of the bonds per bucket. For example, the coupon arithmetic mean of bucket b is
defined as

1
Vt € [0,"’00[,{) € [[].,B]], ACmb = W Z C’L
t,b

? iESt,b

And the coupon mazimum gap of bucket b is defined as

Vt € [0,+oco[,b € [1,B], GCtp := max C; — min C;.
7 t,b

1€Ssp

6.4 Bond portfolio selection

The selection procedure hence selects a given number of bonds in each bucket, which breaks the combina-
torial complexity of the selection problem. The pillars can be considered metaparameters of the learning
model. The task of selection requires to remove outlier bonds with extreme features which might induce
fitting errors. We can apply filters on these aggregated values to remove outliers in a dynamic fashion. It
provides the user with a query interface to manually tune the sensitivity of the selection to each feature.

The most robust filters are conditions on quantiles. For a given date ¢, pillar b and threshold 0 < a < 1,
we denote the empirical a-quantile on all possible subsets S5 by

— 1

qac, ,(a) == Fac,, ().
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It allows to write a query as a sequence of filters of the form (ACt’b < qACt,b(95%)) or (GCt,b <
4Gc, , (75%)) and so on to restrict the space of alternatives. To fully exploit the potential of query-based
learning to rank algorithms, the features of bond portfolios should depend on the preferences of the user,
eg. increasing the precision on one end of the curve.

The fitting can be judged by out-of-sampling metrics in each maturity bucket, ie. comparing the curve
with bonds not used for the parameters calibration. This property of the problem makes it adapted to
the learning to rank framework since the iid hypothesis of these out-of-sampling metrics can be decently
assumed if the bucket granularity is finer than the fitting model. For example, in the case of the (NSS)
model, we need to have at least a bucket for each end of the curve and for each hump. A finer bucket
selection would reduce the number of possible bond portfolios but would require more manual tuning.
Therefore, we face a trade-off between too much tuning on the choice of buckets and the minimum
imposed by the term structure model.

We consider the root-mean-square error between the predicted curve and the all the available bonds on
each bucket By,

RN 2
vb e [1,B], RMSE,(5,X) \/m \/lEtNB,, g; —y(t))

and we estimate the RMSE with the out-of-sample bonds to obtain the metric

Vb € [1,B], RMSEy(,X) = (97.5t:) — y(t:))’.

For a given date ¢, query ¢ and bond portfolio S; corresponding to ¢, we can build a vector of features
in R? with characteristics like AC} 3, GCyp, when b € [1, B]. The algorithm aggregates the RMSE errors
on each bucket so that L = B and mz(f) .= RMSEy(f,X). We use the Tychonoff method 2w|3 to
regularize the objective surrogate. Simple heuristics on the choice of the leamz’ng rate 1 can be used,
like dividing by 10 the learning rate in case of successful step, ie. n <— . We test the convergence on
the [y-residual, which gives us a stopping criterion

A model w* € R? can be learned from historical data with the stochastic U-statistics NDCG optimization
routine. Given a query ¢, we can then predict the ranking of a given set of bond portfolios {S," @ A
by computing their vectors of features {z;}? ; and sorting the predicted scores (w*,x;). Therefore, the
algorithm automates the selection of the bond portfolio used for the fitting, a task which is usually
carried by hand. Furthermore, the user can provide a set of filters as query to impose constraints on the
selection of bonds and therefore on the fitting itself.

37



NDCG minimization, quadratic residual

0 1 1 1 1 1 | 1

0 1 2
U-stat of 1st order

Figure 6: Residual [5 of the gradient descent as a function of the number of iterations. The residual
has been stabilized by averaging on several runs of the stochastic gradient descent. Implementation in
C++411/Boost, runtime of approximately 15 seconds on Linux Ubuntu Intel® Xeon® 16 CPUs X5550
@2.67GHz. Dataset of german government bonds, @ = 251, B = 6, d = 48, L = 36, n = 3998
query/portfolio pairs. Years 2015/2016 of data from the Bundesrepublik Deutschland Finanzagentur
GmbH.

7 Conclusion

We carried out an axiomatic analysis of ranking systems by enumerating the desirable properties and
linking several results of recent papers. Furthermore, using the convergence results listed by Duchi,
we proposed a learning framework adapted to problems where independent and identically distributed
metrics can be provided. We gave an extensive description of a wide variety of aggregation schemes to
aggregate these metrics and provide supervision to train models. In the case of a linear model (w, -), we
disclosed two learning to rank algorithms, respectively based on the Cross Entropy surrogate and the
NDCG family of surrogates. Finally we offered an automated selection procedure to tackle the problem
of bond portfolio selection to fit the yield curve, using the convergence results of Duchi on financial time
series data.
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